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Discrete Manifolds

> I' = (V, F/,0) Finite Multigraph

> Eyy ={e:0(e) ={z,y}t}, E; = ny Ly,
|E.| = k(z) = Degree of x
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0(F') Vertex Boundary > F = F Jo(F)

>
> O(F) Edge Boundary > F = F U4(F) Clousure



Fields on a Discrete Manifold

e x?"eg > x: > Tangent space at x : T,(I")
€1 1
o
L4 €5 eq L k(x)
> Base q¢;};

Vectorial field on I': f(x) € T,(T')

flz) = Z flz ej)e;= 2 fla,e)e

* Basm decomp051t10n: 6;C(F) = X*(I") & XI")
i) =35> > (flz, )+ fly.))e.

Y~ e€ By,

fia) =35> > (flz.e) = fly,e))e
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Fields on a Discrete Manifold

> Field of bilinear forms on I': B(x) € B,(I)

> Matrix Field on I
M(z) € My (R) = m(x,e,¢'), e, € E,

> Order of an operator

Y — X)), H:Y —C(V), VC X(I'),C(V)
supp(F(f)) C {z € V : d(z,supp(f)) < n}



Discrete Riemannian Manifolds

> v, |t positive dense measures on V'

> B field of symmetric definite positive bilinear forms
> Riemannian structure (B, ) — M, A= M"!

* symmetric and definite positive

> Inner product of functions

/V wody = ) u(x)v(z)v(x), u,vel(V)

xeV

> Inner product of fields

B8 du = ;z (M(2)f(x). g(x)) p(z), f.g € X(T)



Difference Operators

> Derivative of w € C(V):  du = —2u"

> Gradient of u € C(V): Vu = Adu

i

Vae) = > |3 (uly) —u(@) Y alz,e, )|

eelby, Y~z e'€Elyy

> Divergence of f € X(I'): div =—-V*
. 1 .
div f(z) = () %(uf) (2, ¢)

ec
1

> Curl of f € X(I): curl f =
[

(Mf)°

curl* =curl, divocurl =0, curloV=0




Laplace-Beltrami Operator

> Laplacian of w € C(V'):  Awu = div(Vu) = div (Adu)

Auf y —u(x))
;{g ZE (x,e,¢) —|—€§ ZE (y,e,¢") y)}

——Z[Z 2 a u()|,  x#y

eV eeFk x € EE

* —A is self-adjoint, of order 2 and positive semidefinite

Au =0 iff uw = cte in each connected component of I'



Laplace-Beltrami Operator: Example
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Laplace-Beltrami Operator: Example

- [k k2 0 0 )
A 1 ki2 ka2 O 0
_+Z3 T3 (T h 0 0 ki1 k2
\ 0 0 ki k)
ki + k
— c(r,xy) = HhQ Zoe(x,z) = ez, y0) = 0, ez, win) = —k1o
> Standard nine points difference scheme
1 n
A(w) = 5 > (X ki) (2u(z) — ulz)) — u(@nsy))




Cohomology of a Discrete Riemannian Manifold

> De Rham Complex:
VO — V, VQj_|_1f — A(Mf)‘g, v2jf — A(Mf)a
0} % c(v) S xS () I ) T

Vnovn_l =0

> n-th De Rham cohomology group: H"(I") = kerV,,/ImgV,,_4
> n-th Betti number: £, = dimH"™(I)
* o =m, 51 E| = V]+m, B,=0, n>2

— x(I') = ( 1)*G, Euler-Poincaré formula

n=0



Cohomology of a Discrete Riemannian Manifold

> 571 — V;I; — > 50 — _diV7 52j—|—1f — i(luf)sa 52] — %(Mf)a
[0} <2 C(V) 2 (D) 2 (D) - (1) &

5n—1 O 5n —

> Hodge’s Laplacian
An — 5n O vn =+ vn—l O 5n—1

* Hodge’s decomposition
X(T') = kerA,, & ImgV,,_1 ® Imgo,,

H"(T) ~ kerA, — HYT)~{f e X(T):divf =0, curlf =0}



Cohomology of a Discrete Riemannian Manifold

> Hodge decomposition n =1
For each f € X(I'), Juel(V), g, he X():

f = Vu +curl(g) + h

where div (h) = 0 and curl (h) =0
> B orthogonal and compatible and p = A

0y -2 c(v) - e(B) - {0}
(0 % c(v) % xvr) - {0}

> curl (f) = Mf* = ker(curl ) = X%T), M~ 2curl? = A, + V odiv
DAQZA;;::]



