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Discrete Manifolds

� Γ = (V, E, θ) Finite Multigraph

� Exy = {e : θ(e) = {x, y}}, Ex =
⋃

y∼x
Exy,

|Ex| = k(x) ≡Degree of x

δ(F )F Ext(F )
◦

F

Γ
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� δ(F ) Vertex Boundary � F =
◦
F ∪ δ(F c)

� ∂(F ) Edge Boundary � F̄ = F ∪ δ(F ) Clousure



Fields on a Discrete Manifold
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� Tangent space at x : Tx(Γ)

� Base {ej}k(x)
j=1

� Vectorial field on Γ: f(x) ∈ Tx(Γ)

f(x) =
k(x)∑
j=1

f(x, ej) ej =
∑

e∈Ex

f(x, e) e

� Basic decomposition: X (Γ) = X s(Γ) ⊕X a(Γ)

fs(x) = 1
2

∑
y∼x

∑
e∈Exy

(f(x, e) + f(y, e)) e,

fa(x) = 1
2

∑
y∼x

∑
e∈Exy

(f(x, e) − f(y, e)) e



Fields on a Discrete Manifold
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� Field of bilinear forms on Γ: B(x) ∈ Bx(Γ)

� Matrix Field on Γ:

M(x) ∈ Mk(x)(IR) =⇒ m(x, e, e′), e, e′ ∈ Ex

� Order of an operator

F:V −→ X (Γ), H:V −→ C(V ), V ⊂ X (Γ), C(V )

supp(F(f)) ⊂ {x ∈ V : d(x, supp(f)) ≤ n}



Discrete Riemannian Manifolds

� ν, µ positive dense measures on V

� B field of symmetric definite positive bilinear forms

� Riemannian structure (B, µ) ⇒ M, A = M−1

� symmetric and definite positive

� Inner product of functions∫
V

uv dν =
∑
x∈V

u(x) v(x) ν(x), u, v ∈ C(V )

� Inner product of fields

1

2

∫
V

B(f, g) dµ =
1

2

∑
x∈V

〈M(x)f(x), g(x)〉µ(x), f, g ∈ X (Γ)



Difference Operators
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� Derivative of u ∈ C(V ): du = −2ua

du(x) =
∑
y∼x

∑
e∈Exy

(u(y) − u(x)) e

� Gradient of u ∈ C(V ): ∇u = A du

∇u(x) =
∑

e∈Ex

[ ∑
y∼x

(u(y) − u(x))
∑

e′∈Exy

a(x, e, e′)
]
e

� Divergence of f ∈ X (Γ): div = −∇∗

div f(x) =
1

ν(x)

∑
e∈Ex

(µf)a(x, e)

� Curl of f ∈ X (Γ): curl f =
1

µ
(Mf)s

curl ∗ = curl , div ◦ curl = 0, curl ◦ ∇ = 0



Laplace-Beltrami Operator

� Laplacian of u ∈ C(V ): ∆u = div (∇u) = div (A du)

∆u(x) =
1

ν(x)

∑
y∈V

c(x, y)(u(y) − u(x))

c(x, y) =
1

2

∑
z∈V

[ ∑
e∈Exy

∑
e′∈Exz

a(x, e, e′)µ(x) +
∑

e∈Eyx

∑
e′∈Eyz

a(y, e, e′)µ(y)
]

− 1

2

∑
z∈V

[ ∑
e∈Ezx

∑
e′∈Ezy

a(z, e, e′)µ(z)
]
, x �= y

� −∆ is self-adjoint, of order 2 and positive semidefinite

∆u = 0 iff u = cte in each connected component of Γ



Laplace-Beltrami Operator: Example
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x x1x3

x2

x4

z1z3

z2

z4

y12w12

w21y21

h
{

A =
1

6h




7 0 1 0

0 7 0 1

1 0 7 0

0 1 0 7




=⇒ c(x, x1) =
4

3h2
, c(x, z1) = − 1

12h2
, c(x, w12) = 0

�

−∆(u) =
4

3h2

2∑
j=1

(
2u(x) − u(xj) − u(xn+j)

)

− 1

12h2

2∑
j=1

(
2u(x) − u(zj) − u(zn+j)

)



Laplace-Beltrami Operator: Example
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x x1x3

x2

x4

z1z3

z2

z4

y12w12

w21y21

h
{

A =
1

h




k11 k12 0 0

k12 k22 0 0

0 0 k11 k12

0 0 k12 k22




=⇒ c(x, x1) =
k11 + k12

h2
, c(x, z1) = c(x, y12) = 0, c(x, w12) = −k12

� Standard nine points difference scheme

∆(u) =
1

h2

n∑
j=1

( n∑
i=1

kij

)(
2u(x) − u(xj) − u(xn+j)

)

− 1

h2

n∑
1≤i<j≤n

kij

(
2u(x) − u(wij) − u(wji)

)



Cohomology of a Discrete Riemannian Manifold

� De Rham Complex:

∇0 = ∇, ∇2j+1f = A(Mf)s, ∇2jf = A(Mf)a

{0} 0−→ C(V )
∇0−→ X (Γ)

∇1−→ X (Γ) · · · ∇n−→ X (Γ)
∇n+1−→ · · ·

∇n ◦ ∇n−1 = 0

� n-th De Rham cohomology group: Hn(Γ) = ker∇n/Img∇n−1

� n-th Betti number: βn = dimHn(Γ)

� β0 = m, β1 = |E| − |V | + m, βn = 0, n ≥ 2

=⇒ χ(Γ) =
∞∑

n=0
(−1)nβn Euler-Poincaré formula



Cohomology of a Discrete Riemannian Manifold

� δn = ∇∗
n =⇒ δ0 = −div , δ2j+1f = 1

µ
(µf)s, δ2j = 1

µ
(µf)a

{0} 0←− C(V )
δ0←− X (Γ)

δ1←− X (Γ) · · · δn←− X (Γ)
δn+1←− · · ·

δn−1 ◦ δn = 0

� Hodge’s Laplacian

∆n = δn ◦ ∇n + ∇n−1 ◦ δn−1

� Hodge’s decomposition

X (Γ) = ker∆n ⊕ Img∇n−1 ⊕ Imgδn

Hn(Γ) � ker∆n =⇒ H1(Γ) � {f ∈ X (Γ) : div f = 0, curl f = 0}



Cohomology of a Discrete Riemannian Manifold

� Hodge decomposition n = 1

For each f ∈ X (Γ), ∃ u ∈ C(V ), g, h ∈ X (Γ):

f = ∇u + curl (g) + h

where div (h) = 0 and curl (h) = 0

� B orthogonal and compatible and µ = λ

{0} 0−→ C(V )
d̂−→ C(E)

0−→ {0}

{0} 0−→ C(V )
∇−→ X a(Γ)

∇1−→ {0}

� curl (f) = Mfs =⇒ ker(curl ) = X a(Γ), M−2curl 2 = ∆1 +∇◦ div

� ∆2 = ∆3 = . . . = I


